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We derive all hairy stealth black holes in the most general second-order, shift symmetric, scalar-tensor theory
with luminally propagating gravitational waves, often called kinetic gravity braiding. Our approach exploits
a loophole in a recently obtained no-go statement which claims shift symmetry breaking to be necessary for
stealth solutions to exist in kinetic gravity braiding. We highlight the essential role played by a covariantly
constant kinetic density in obtaining these solutions. Lastly, we propose a parametrization of the theories based
on the asymptotics of its stealth solutions and comment on the intriguing singular effective metric for scalar
perturbations in stealth black holes.
I. INTRODUCTION
There is continuing effort to understand whether the black
holes observed by astronomers are indeed the black holes pre-
dicted by general relativity. The detection of gravitational
waves (GWs) from binary black hole mergers by the LIGO
and Virgo collaborations [1] and the recent imaging of the
M87 supermassive black hole by the Event Horizon Telescope
[2] draw part of their huge significance from this desire to
square new observations with theoretical expectations. They
represent our first direct probes of the strong gravity regime,
and have provided lampposts (albeit dim) in the otherwise
dark landscape of gravitational theories. Further observations
by these ongoing efforts, along with future prospective experi-
ments such as the space-based Laser Interferometer Space An-
tenna (LISA), will greatly inform us of the true nature of black
holes and thus help us zero-in on what many hope to be a final
theory of gravity [3–9].
Attendant to this great optimism is the desire to better dis-
criminate between the predictions of general relativity (GR)
and alternative theories of gravity. Many alternative theo-
ries successfully reproduce the weak-field limits of GR [10–
12], and are often far too exceedingly rich in their cosmolog-
ical phenomenology for them to be usefully constrained by
large-scale observations alone [13–17]. It is from this con-
text that black hole physics may bring clarity to the prevailing
empirical muddle, as theoretical predictions tend to be most
different—and thus the most empirically discriminating—in
this strong gravity regime [18–26].
In general relativity, stationary black holes are the epitome
of simplicity. They are completely characterized by their
mass, electric charge, and spin, according to the celebrated
no-hair theorems [27–30]. The new degrees of freedom in
alternative theories of gravity threaten to spoil this simplic-
ity, by seemingly supporting black hole solutions that depend
on other parameters and that are associated with long-range
fields (i.e., “hair”). However, by some rather surprising twist
of irony, various physical considerations often conspire to pre-
vent this from happening [31–33]: the black holes of general
relativity also tend to be solutions of alternative theories. In
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this context, they are called stealth black holes. It also often
happens that in some viable alternative theories, these stealth
black holes are bald, possessing nothing but trivial (i.e., con-
stant) hair. This has motivated various no-hair extensions to
alternative theories of gravity [31–35]. These theoretical de-
velopments are greatly relevant for observations, because they
suggest that the strong-field phenomenology of some alterna-
tive theories might not be very different from GR, which in
turn will make the challenge of observationally discriminat-
ing theories even more difficult 1.
Our goal in this short paper is to analyze to what extent
stealth black hole solutions can be hairy in kinetic gravity
braiding (KGB), a phenomenologically interesting class of
scalar-tensor theories. Scalar-tensor theories are the oldest
and arguably the simplest alternative theories of gravity [10–
12]. Its inherently wide parameter space makes them desirable
for phenomenological purposes, such as for providing mecha-
nisms for inflation and dark energy [38–46]. The existence of
hairy black holes in these theories has also been established
in many previous works. For instance, in the most general
scalar-tensor theory with second-order field equations, known
as Horndeski theories [46–49], hairy black holes can either be
a stealth black hole [50–58], i.e., GR black hole plus a nontriv-
ial scalar field, or a new hairy black hole [34, 35, 52, 53, 59–
69]. There now exists a large and still growing body of liter-
ature concerned with the study of novel hairy black holes in
Horndeski theories and beyond. See for instance Refs. [32–
35, 52, 53, 59–71] and the references therein.
We shall mostly focus our attention on background solu-
tions in the subset of Horndeski theories called kinetic gravity
braiding [38, 39]. KGB has become popular lately because of
its consistencywith the GW170817 bound on the gravitational
wave speed [72–76] and a number of cosmological constraints
[77–84]. Many important theories—quintessence, k-essence,
cubic Galileon, Galileon ghost condensate, and GR, to name a
few—are special cases of KGB (see Eq. (1)). In KGB, various
stealth black hole solutions have been obtained in a number
of settings and using various methods [54–58, 68]. For stealth
solutions in scalar-tensor theories outside KGB, we refer the
1 For stealth black holes, the perturbative regime is the most promising place
for determining smoking-gun signatures of non-GR degrees of freedom
[36, 37].
2reader to Refs. [50–56, 58].
In this paper, we derive stealth black hole solutions with
nontrivial hair in shift symmetric KGB. Previous work [57]
has suggested that such solutions are not possible for non-
constant kinetic densities, and that one needs to break shift
symmetry in order to accommodate stealth solutions in KGB.
However, we uncover a loophole in this no-go result, and then
use it to chart an easy path towards obtaining hairy stealth so-
lutions. In fact, we shall derive the most general stealth black
hole solutions in shift symmetric KGB.
The rest of this paper proceeds as follows. After a brief re-
view of KGB and its observational constraints (Sec. II), we
proceed by identifying necessary conditions for the existence
of stealth hairy black holes in shift symmetric KGB. These
conditions locate the sector of shift symmetric KGB where
existence is possible. We then derive all hairy stealth black
holes in this sector (Sec. III), and find that the most general
solution essentially consists of a Kerr-(anti) de Sitter metric
and a particular class of scalar fields it is able to support. In
Sec. IV, we propose a parametrization of the theories based
on the asymptotics of its stealth black holes and comment on
the intriguing singular effective metric that governs the prop-
agation of scalar modes in stealth solutions. We conclude by
addressing future work.
We work with a spacetime with mostly plus metric signa-
ture and geometrized units c = G = 1.
II. KINETIC GRAVITY BRAIDING THEORIES
Kinetic gravity braiding is described by the action [38, 39]
Sg =
∫
d4x
√−g [κR+K (φ,X)−G (φ,X)✷φ] (1)
where gab is the metric, R is the Ricci scalar, κ = M
2
P /2 is a
bookkeeping constant for the Einstein-Hilbert part of the the-
ory, φ is the scalar field, X is the scalar field’s kinetic density
given by X = −gab∇aφ∇bφ/2, and K and G are arbitrary
functions of their arguments that we shall refer to as the k-
essence and braiding potentials, respectively. For brevity, we
shall write down ξa = ∇aξ, ξa = ∇aξ, and ξab = ∇b∇aξ
for any scalar function ξ, e.g., X = −gabφbφb/2. The term
“braiding” refers to the mixing of scalar (ψ) and tensor (h)
modes present in the term G✷φ ∼ G∂h∂ψ + O (h2, ψ2)
in the second order action which entangles the scalar and ten-
sor modes [38]. KGB gravity defined by Eq. (1) is a sub-
set of Horndeski gravity for G2 = K , G3 = G, G4 = κ,
and G5 = 0 for arbitrary functions K and G [85, 86]. On
the other hand, k-essence is a special case of KGB for con-
stant G [87, 88]. Scalar-tensor theories can also be invariant
with respect to the shift transformation, φ → φ + k for con-
stant k. In the context of KGB, shift symmetry means that
K = K (X) and G = G (X). The cubic Galileon is a spe-
cial case of shift symmetric KGB for K ∼ X and G ∼ X as
well as the Galileon ghost condensate for K ∼ X +X2 and
G ∼ X [85].
KGB is among the few alternative gravity theories favored
by the stringent GW170817 constraint restricting GWs to
propagate very nearly at the speed of light [72–76]. Unlike
many of its competitors, KGB has only tensor modes that
propagate on the light cone. Shift symmetric KGB is, thus,
the most general, second-order, shift symmetric scalar-tensor
theory with luminally propagating gravitational waves. From
the effective field theory (EFT) standpoint, GWs can also de-
pend on the frequency, and so the event GW170817 can be
regarded as valid only for the LIGO frequency band (∼ 100
Hz) [89]. A GW detection with an optical counterpart in LISA
(0.1 mHz - 0.1 Hz) will put a stronger conclusion to the GW
speed. On the other hand, several works have shown that
the cubic Galileon is disfavored by cosmic microwave back-
ground, baryon acoustic oscillations, integrated Sachs-Wolfe,
and weak lensing [77–80] and, recently, it has been claimed
that cosmological data favor the Galileon ghost condensate
over ΛCDM [81]. Also, several recent works have shown that
cosmological data cannot rule out KGB [82–84] and that the
braidingmight even be the inevitable limit of scalar-tensor the-
ories should all future cosmological data continue to remain
consistent with GR [90–92]. Lastly, viable alternative theo-
ries must possess screening mechanisms to pass solar system
tests [93–98]. The existence of the Vainshtein mechanism is
well-known in the cubic Galileon theory but whether screen-
ing mechanisms exist for the rest of KGB is still an open ques-
tion 2.
The variation of the shift symmetric KGB action with re-
spect to the metric and the scalar field, respectively, leads to
the vacuum field equations
κGab − 1
2
gabK − 1
2
φaφbKX
+
[
1
2
φaφb✷φ− φ(aφb)cφc +
1
2
gabφ
cφdφcd
]
GX = 0
(2)
and
✷φKX − φaφbφabKXX
+
[
−φa∇a✷φ− (✷φ)2 + φa✷φa + φabφab
]
GX
+ φbφab
[
φa✷φ− φdφ ad
]
GXX = 0
(3)
where a subscript of X in the potentials K and G means
differentiation with respect to X , e.g., KXX = d
2K/dX2,
and the symmetrization rule for a tensor Tab is T(ab) =
(Tab + Tba) /2. Eq. (2) is the Einstein equation with a stress-
energy tensor (SET) T
(φ)
ab given by
8piκT
(φ)
ab = gab
K
2
+ φaφb
KX
2
−
[
φaφb✷φ− 2φ(aφb)cφc + gabφcφdφcd
]
GX
2
.
(4)
2 In general, the analysis of screening mechanisms boils down to first specify-
ing the theory’s action and then determining whether nonlinear interactions
dominate when the coupling constants take on their local limits [98].
3On the other hand, Eq. (3) is the equation of motion of the
scalar field. A solution (gab, φ) of kinetic gravity braiding
(K,G) must simultaneously satisfy Eqs. (2) and (3).
III. STEALTH BLACK HOLES IN KINETIC GRAVITY
BRAIDING
In this section, we expose a loophole in the no-go theorem
obstructing the existence of stealth solutions in shift symmet-
ric KGB (Sec. IIIA). We take advantage of this loophole
to determine conditions that will instead identify the specific
sector of shift symmetric KGB in which stealth solutions ex-
ist (Sec. III B). For concreteness, we explicitly construct the
stealth Kerr-(anti) de Sitter black hole solution with linearly
time dependent scalar field (Sec. III C). The most general so-
lution is a Kerr-(anti) de Sitter metric plus a scalar field with
constant kinetic density.
A. A stealthy loophole
The ground work for building stealth solutions was laid
out in Ref. [57]. This important paper also derived stealth
Schwarzschild black hole solutions in KGB for the first time.
In doing so, the authors of Ref. [57] argued that for nontrivial
stealth solutions (φa 6= 0,∇aX 6= 0) to exist, either shift sym-
metry must be broken,K = K (φ,X) and G = G (φ,X), or
else the KGBmust be trivial. Their proof starts with necessary
conditions for obtaining stealth solutions [57]:
KX (φ0, X0) = 0 (5)
GX (φ0, X0) = 0 (6)
where φ0 and X0 are the background scalar field and kinetic
density, respectively. For shift symmetric KGB, K = K (X)
and G = G (X), the above necessary conditions successively
lead to KX (X0) = KXX (X0) = KXXX (X0) = · · · =
0 and GX (X0) = GXX (X0) = GXXX (X0) = · · · = 0
provided that ∇aX0 6= 0. The no-go theorem then states that
KGB with stealth solutions must go beyond shift symmetry;
otherwise, the KGB must be trivial.
The foregoing no-go statement is correct. But it is anchored
on the important provision that ∇aX0 6= 0. When the kinetic
density is covariantly constant, i.e., ∇aX0 = 0, the no-go
statement no longer holds, and the tension between shift sym-
metry and stealth solutions disappears. In fact, we shall assert
an even stronger statement: for stealth solutions to exist in
shift symmetric KGB, the kinetic density needs to be covari-
antly constant. We prove this in the next section3.
3 This result should be viewed as a complement to the no-go statement of
Ref. [57], which focuses on stealth solutions with∇aX0 6= 0.
B. Conditions for hairy stealth black holes
To obtain stealth black hole solutions, we require that the
field equations (Eqs. (2) and (3)) reduce to the Einstein equa-
tion with a cosmological constant Λ:
Gab + Λgab = 0. (7)
Reducing Eqs. (2) and (3) to Eq. (7) assures that the KGB
field equations are satisfied by the same black hole geometries
of GR, i.e., Kerr-(anti) de Sitter black hole, although with a
nontrivial scalar field.
The equivalence of Eq. (7) with Eq. (2) demands
Λgab =− gabK
2κ
− φaφbKX
2κ
+
[
φaφb✷φ− 2φ(aφb)cφc + gabφcφdφcd
] GX
2κ
.
(8)
Then, taking the trace and the contraction with φaφb of Eq.
(8) yields
2K −XKX + 4κΛ +
(
X✷φ− φcφdφcd
)
GX = 0 (9)
and
K − 2XKX + 2κΛ +
(
2X✷φ+ φcφdφcd
)
GX = 0, (10)
respectively. These are the necessary conditions for obtaining
stealth solutions in KGB.
Isolating KX and GX from Eqs. (9) and (10) to get the
functionals
KX [K,Λ] = (K + 2κΛ)
(
✷φ
φcφdφcd
+
1
X
)
(11)
GX [K,Λ] =
K + 2κΛ
φcφdφcd
, (12)
and substituting these expressions back into Eq. (8) gives
−
(
K
2κ
+ Λ
)(
φcφdφ
aφbφab + 2Xφ
aφa(cφd)
X (φiφjφij)
)
= 0.
(13)
Clearly, it is possible to factor out the vector φaφab from the
numerator, and so Eq. (13) can be written as
−
(
K (X0)
2κ
+ Λ
)(
φbφcφd + 2Xδ
b
(cφd)
)(∇b lnX
φj∇jX
)
= 0
(14)
noting that
∇bX = −φaφab. (15)
Here we are now displaying an explicit dependence on X0
to emphasize that it is evaluated on the background kinetic
density. Eq. (14) is a condition that must be satisfied by the
scalar field in order for a GR black hole geometry, described
by Eq. (7), to be dressed with hair. In what follows, we unpack
this condition to understand its implications.
4First off, Eq. (14) implies a covariantly constant kinetic den-
sity. To see this, we first note that the equation is satisfied in
three possible ways, corresponding to three branches of solu-
tions: the first branch
K (X0) = −2κΛ, (16)
the second branch
φbφcφd + 2Xδ
b
(cφd) = 0, (17)
and the third branch
∇b lnX
φj∇jX = 0. (18)
The first branch (Eq. (16)) requires the background kinetic
density X0 to be constant. If X0 = X0(x) possessed some
nontrivial dependence on the spacetime coordinates xa, then
because K[X ] is a nontrivial functional of its argument 4,
K[X0(x)] = K(x) will also be a non-constant function in
spacetime. Eq. (16) and the nontriviality ofK[X ] forceX0 to
be covariantly constant.
As a consequence, the KGB potentials and their derivatives
also become constants on the background. Substituting Eq.
(16) back into Eqs. (9) and (10) leads to
KX✷φ = GX . (19)
For shift symmetric solutions, this can be satisfied only when
KX = 0, GX = 0, and ✷φ 6= 0 5. To see this, suppose
that KX 6= 0 and GX 6= 0. Then, Eq. (19) can be read as
the dynamical equation for a scalar field φ that is not shift
symmetric. More concretely, Eq. (19) is the field equation of
the shift symmetry breaking theory, L = X + (GX/KX)φ,
for a massive minimally coupled scalar field φ with a constant
scalar charge GX/KX . In the first branch, the background
KX and GX must then necessarily vanish. The demand for
stealth solutions in shift-symmetric KGB therefore limits it to
the (K,G)-theory space defined by
K (X0) = −2κΛ and KX (X0) = GX (X0) = 0 (20)
for some constantX0.
Now consider the second branch. Contracting the indices b
and c of Eq. (17), we then obtain
Xφd = 0 (21)
as a necessary condition. This shows that, in the second
branch, the solutions are just the trivial solution φa = 0 or
a vanishing kinetic density X = 0, both of which pertain to a
vanishing background scalar field stress-energy tensor. As we
4 KGB requires that its potentials K = K[X] and G = G[X] be nontrivial
functions ofX , otherwise KGB just reduces to GR.
5 We disregard the case ✷φ = 0, for which the scalar is massless and mini-
mally coupled to the black hole, as it is well known that such scalar-tensor
theories are subject to the no-hair theorem of [31].
are only after hairy stealth solutions, the second branch is of
no interest.
Finally, we move to the third branch. Contracting it with
φb, we obtain
1
X
= 0. (22)
This shows that the background kinetic density blows up in the
third branch, i.e., the stress-energy tensor of the scalar field
diverges, and is of no physical interest.
Clearly then, the first branch (Eq. (16)) is the only viable
option, and again, this amounts to the requirement that the
background kinetic density is covariantly constant.
Now, to be able to claim that we have obtained a solution
to the KGB field equations, we must also show that the scalar
field equation (Eq. (3)) is identically satisfied. Using Eq. (15),
we find that a constant kinetic density also means
φaφab = 0. (23)
The second and fourth terms of Eq. (3) vanish as a result. The
first and third terms, on the other hand, already vanish due to
the constraints set by Eq. (20). Yet again, we see the impor-
tance of a constant kinetic density, this time for satisfying the
scalar field equation.
To summarize, we see that after imposing Eqs. (20) and
(23), the field equations of KGB (Eqs. (2) and (3)) finally re-
duce to Eq. (7). With this, KGB is able to accommodate GR’s
black hole geometries with nontrivial scalar hair, φa 6= 0.
More important for what follows, we find that stealth black
holes in shift symmetric KGB are restricted to the (K,G)-
sector defined by
K (X0) = −2κΛ (24)
KX (X0) = GX (X0) = 0 (25)
for some constant X0, defining the scalar hair’s background
kinetic density 6.
C. Kerr-(anti) de Sitter black hole with linearly time
dependent scalar hair
We now make use of the results of the previous section by
showing explicitly the special case of a rotating black hole
solution (Kerr-(anti) de Sitter) with linearly time dependent
hair in shift symmetric KGB. The interest in this cannot be
overstated as rotating black holes are ubiquitous in nature and
cosmological data suggest that we live in a universe with a
non-vanishing cosmological constant Λ.
6 This set of constraints can be viewed as a special limit of analogous inves-
tigation in DHOST (See Ref. [55]). We emphasize, however, that in this
paper the result was derived solely in shift symmetric KGB and therefore
complements the work of Ref. [57].
5The most general rotating black hole solution to Eq. (7) is
given by [58]
ds2 =− ∆r
Ξ2ρ2
(
dt− a sin2 θdϕ)2 + ρ2(dr2
∆r
+
dθ2
∆θ
)
+
∆θ sin
2 θ
Ξ2ρ2
[
adt− (r2 + a2) dϕ]2
(26)
where
∆r =
(
1− r
2
l2
)(
r2 + a2
)− 2Mr (27)
∆θ = 1 +
a2
l2
cos2 θ (28)
Ξ = 1 +
a2
l2
(29)
ρ2 = r2 + a2 cos2 θ (30)
l =
√
3
Λ
. (31)
It is easy to check that Eq. (26) reduces to the Kerr solution
as Λ → 0 (l → ∞). We now dress this with a linearly time
dependent scalar field
φ = qt+ φ0 (r, θ) (32)
where q is a constant and φ0 is a function only of the radial
coordinate r and polar coordinate θ. The motivation for time
dependence is to break the staticity assumption of the no-hair
theorem for the Galileon [32, 52, 59]. We can easily recover
the stationary solution by setting q = 0.
To see the viability of a stealth Kerr-(anti) de Sitter solution,
we explicitly derive the gradient of the scalar field. We con-
sider the most general axisymmetric scalar field with linear
time dependence
φ = qt+ φ0 (r, θ) . (33)
Assuming a sum-separable ansatz
φ0 = χ (r) + ψ (θ) (34)
for the axisymmetric piece, we then obtain the φb-components(
dχ
dr
)2
=
2α2r2 − C
∆r
+ q2Ξ2
(
r2 + a2
)2
∆2r
(35)
(
dψ
dθ
)2
=
2α2a2 cos2 θ + C
∆θ
−
(
qaΞ sin θ
∆θ
)2
(36)
by solving X = −α2 for some constant α 7. In Eqs. (35)
and (36), C is a separation constant. As we are working
in shift symmetric theory, Eqs. (35) and (36) and the Kerr-
(anti) de Sitter metric (Eq. (26)) constitute a solution to
KGB in the (K,G)-space defined by K
(−α2) = −2Λκ and
KX
(−α2) = GX (−α2) = 0 for some constant α which
sets the background kinetic density.
7 The minus sign in X0 = −α2 is motivated in the Schwarzschild limit,
where the background kinetic density becomes X0 = q2/2f − fφ′20 /2.
Outside the event horizon and for large φ′
0
, the kinetic density is negative.
IV. DISCUSSION
The analysis provided in Sec. III B differs significantly
from that of Ref. [57], and it serves to better highlight the
importance of the constancy of the kinetic density as a condi-
tion for stealth solutions. Specifically, we have shown that in
shift symmetric KGB, the kinetic density must necessarily be
constant for stealth solutions to even exist. We view this as
an important complement to the results of Ref. [57], which
applies to a broader class of theories.
Our analysis selects the particular sector of KGB theories
that admits hairy stealth solutions. It is prudent to try to lo-
cate this sector within the broader scheme of shift-symmetric
Horndeski theories. One classification scheme for shift sym-
metric Horndeski theories was introduced in Ref. [71] based
on the no-hair theorem for the Galileon [32]. In this classifi-
cation scheme, Horndeski theories can either accept the trivial
solution (φ′ = 0 and gab = Schwarzschild) or accommodate
hairy black holes (via a couplingwith the Gauss-Bonnet scalar
or through singular Horndeski potentials). The stealth theo-
ries of Sec. III belong to the former class if the potentials are
nonsingular but to the latter class if the potentials are singu-
lar. If the potentials are nonsingular, then the trivial solution
(φ′ = 0 and gab = Schwarzschild) can be obtained. For singu-
lar potentials, the φ′ = 0 limit is excluded as a formal solution
and so the black holes must necessarily have hair. A more re-
laxed classification scheme recently introduced in Ref. [99]
is based on shift symmetric Horndeski theories’ consistency
with the GR limit or, at the very least, Lorentz invariance for
φ′ = 0. The fairly general constraints on the space of KGB
(Eq. (20)) with stealth solutions show that the KGB of Sec. III
can either satisfy Lorentz invariance or violate it in the limit
φ′ = 0. Lorentz invariance will be violated if the KGB poten-
tials and/or their derivatives blow up in the limit φ′ = 0.
For the asymptotically (anti) de Sitter stealth black holes,
we can parametrize the KGB potentials as
K(X) = F (X) + 2α
F ′
(−α2)
H ′ (α)
H
(√
−X
)
(37)
and
G(X) = P (X) + 2α
P ′
(−α2)
Q′ (α)
Q
(√
−X
)
(38)
where F ,H , P , andQ are continuously differentiable but oth-
erwise arbitrary functions. A special case of this parametriza-
tion is the stealth SAdS black hole of Ref. [68] which corre-
sponds to F (x) = x,H(x) = x, constantP (x) andQ(x), and
α = β. The parametrization given by Eqs. (37) and (38) con-
veniently distinguishes solutions based on their asymptotics at
infinity. For asymptotically AdS black holes,
F
(−α2)+ 2αF ′
(−α2)
H ′ (α)
H (α) > 0, (39)
and for asymptotically dS black holes,
F
(−α2)+ 2αF ′
(−α2)
H ′ (α)
H (α) < 0. (40)
6The arbitrariness of F ,H , P , andQ guarantees that both cases
can indeed be satisfied, e.g., F (x) = −x, H(x) = x, and ar-
bitrary P (x) andQ(x) lead to asymptotically dS stealth black
holes. Some choices also lead to asymptotically flat solutions,
e.g., F (x) = x, H(x) = −x2, arbitrary P (x) and Q(x). In
such cases, both the k-essence potential K and its derivative
KX vanish on the background. For KGB with asymptotically
flat stealth, Schwarzschild or Kerr, black holes, we can instead
parametrize the k-essence potential as
K(X) = γ ln
(
F (X)
F (−α2)
)
+ 2αγ
H (α)F ′
(−α2)
H ′ (α)F (−α2) ln
(
H
(√−X)
H (α)
) (41)
where γ is a constant. It is easy to see that Eq. (41) guarantees
that K
(−α2) = 0 and KX (−α2) = 0 on the background(
gab = Kerr, X = −α2
)
. We point out that the asymptotic
behavior of the spacetime at infinity is determined only by the
background value of the k-essence potential.
We have yet to comment on the behavior of perturbations
in this background. This question is deeply connected with
the stability of solutions and the physical nature of the new
degrees of freedom in alternative theories. For scalar-tensor
theories, some insight can be gained from the effective met-
ric or the causal cones governing the propagation of gravita-
tional perturbations [100, 101]. For example, in k-essence,
the causal cone for scalar modes is described by the effective
metric
Sab = KXg
ab −KXXφaφb (42)
while the causal cone for the tensor degrees of freedom is the
light cone of gab. For our stealth solutions, the effectivemetric
for scalar modes becomes
Sabstealth = −KXXφaφb. (43)
As first pointed out in Ref. [102], the scalar-mode effective
metric is singular on stealth black holes 8. Already, this puts
into question the viability of the theory as an EFT 9. Out-
side this EFT perspective, the singular metric implies that the
scalar modes are nondynamical, and that therefore the only
propagating degrees of freedom are the transverse-traceless
pieces of the tensor perturbations hab. A quick calculation of
the infinite sound speed for scalar modes supports this inter-
pretation [57, 105, 106]. This nondynamicality of the scalar
modes also extends to the stealth black holes of KGB. By ex-
panding the KGB action up to second order in the perturba-
tions, it can be shown that the effective metric for the scalar
perturbations in a stealth black hole is [38]
Sabstealth ∼ φaφb. (44)
8 Ref. [102], as well as Ref. [103], came out at the time of writing of this
manuscript.
9 A potential solution to this which relies on degeneracy conditions has re-
cently been given in Ref. [104].
The effective metric given by Eq. (44) leads to a nonhyper-
bolic equation (nonpropagating) for the scalar modes. As an
example, for a Schwarzschild-(anti) de Sitter black hole (de-
scribed by the metric function f = 1− 2M/r − Λr2/3) with
linearly time dependent scalar field we have
φaφb =


q2
f2
−qφ′0 0 0
−qφ′0 f2φ′20 0 0
0 0 0 0
0 0 0 0

 , (45)
which is obviously singular (its determinant vanishes). The
implications of this on the scalar modes will be further ex-
plored in a forthcoming paper [107]. One might think that
this conclusion stems from the constancy condition imposed
on the kinetic density [102]. However, in Ref. [57], we see
that this same conclusion is reached even for non-constant ki-
netic densities and for shift symmetry breaking KGB, where
KX (φ0, X0) = 0 and GX (φ0, X0) = 0 also emerge as nec-
essary conditions for stealth solutions (with φ0 as the back-
ground scalar field and X0 as a non-constant kinetic density).
It is thus tempting to speculate that the effective metric for the
scalar modes on stealth black holes may be singular in gen-
eral.
In light of these considerations, it is of great physical in-
terest to understand how modified gravity manifests in stealth
black holes, particularly when the additional degrees of free-
dom are nondynamical. We suspect that the master equation
for tensor perturbations is modified only by an effective source
term, and that this may have important observational implica-
tions for future space-based gravitational wave missions such
as LISA. Very recently, this was shown to be the case for the
perturbations of a stealth Kerr black hole in DHOST theories
[103]. Our independent analysis of gravitational perturbations
in nonrotating stealth black holes in KGB also supports this
and will be discussed in a forthcoming paper [107].
V. CONCLUSIONS
This paper spells out general conditions for the existence of
hairy stealth black hole solutions in shift symmetric kinetic
gravity braiding. These conditions were used to obtain its
most general stealth black hole solutions.
It is not difficult to extend our strategy for building stealth
solutions to the quartic sector of Horndeski theory (e.g.,
Gauss-Bonnet theories). For quintic Horndeski theories (e.g.,
theories with nonmininal derivative coupling with Einstein
tensor), however, there are terms in the field equations which
do not vanish for constant kinetic density and thus complicate
a search for stealth solutions. This may be overcome by im-
posing additional restrictions on the potentials, but a detailed
account of this is beyond the scope of the present work.
Beyond these extensions, there are several other exciting av-
enues that may be pursued in future work. It goes without say-
ing that any gravity theory must satisfy gravitational wave and
cosmological constraints [1, 13, 18, 92]. Going to something
more specific, this paper only focused on vacuum solutions.
7In the presence of matter, scalar-tensor theories can possess
screening mechanisms that effectively deactivate the scalar
field at solar system scales [93–98]. It would be interesting
to isolate kinetic gravity braiding theories which accomodate
both stealth black hole solutions and screening mechanisms.
The addition of an electric charge to a nonrotating black hole
also appears straightforward, as is the introduction of an elec-
tromagnetic field for slowly rotating magnetized stealth black
holes. Finally, an analysis of tensor perturbations of the stealth
solutions is essential, as it would shed light on questions of
stability and be of practical use for building GW models for
space-based missions such as LISA. Clearly, a lot more effort
is needed to completely understand gravitational perturbations
in scalar-tensor theories [102, 103, 108].
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